How spin-orbit interaction can cause electronic shot noise 
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The shot noise in the electrical current through a ballistic chaotic quantum dot with A'^-channel 
point contacts is suppressed for A'^ oo, because of the transition from stochastic scattering of 
quantum wave packets to deterministic dynamics of classical trajectories. The dynamics of the 
electron spin remains quantum mechanical in this transition, and can affect the electrical current 
via spin-orbit interaction. We explain how the role of the channel number A'^ in determining the 
shot noise is taken over by the ratio ho/^F of spin precession length Zao and Fermi wave length Af, 
and present computer simulations in a two-dimensional billiard geometry (Lyapunov exponent a, 
mean dwell time rdwcii, point contact width W) to demonstrate the scaling oc {Xf /ho)^^"^'^'"''" of 
the shot noise in the regime Xf <^ Iso <^ W. 
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Electrical conduction is not much affected typically by 
the presence or absence of spin-orbit interaction. A fa- 
miliar example [1 E H 0, the crossover from weak lo- 
calization to weak anti-localization with increasing spin- 
orbit interaction, amounts to a relatively small correction 
to the classical conductance, of the order of the conduc- 
tance quantum e^/ft.. The relative smallness reflects the 
fact that the spin-orbit interaction energy Eso is much 
smaller than the Fermi energy Ep, basically because Ego 
is a relativistic correction to the kinetic energy |^ . 

In this paper we identify an effect of spin-orbit inter- 
action on the electrical current that has a quantum me- 
chanical origin (like weak anti- localization), but which 
is an order-of-magnitude effect rather than a correction. 
The effect is the appearance of shot noise in a ballistic 
chaotic quantum dot with a large number N of modes in 
the point contacts. According to recent theory 0,01 and 
experiment Q , the shot noise without spin-orbit interac- 
tion is suppressed exponentially cx exp(— rs/Tdwcii) when 
the Ehrenfest time te — a"^ IniV becomes greater than 
the mean dwell time Tdwoii of an electron in the quantum 
dot. (The coefficient a is the Lyapunov exponent of the 
classical chaotic dynamics.) The suppression occurs be- 
cause electrons follow classical deterministic trajectories 
up to Te (in accord with Ehrenfest 's theorem, hence the 
name "Ehrenfest time" ) . If t^; > Tdwcii an electron wave 
packet entering the quantum dot is either fully transmit- 
ted or fully reflected, so no shot noise appears 9]. 

The electron spin of zt^Ti remains quantum mechani- 
cal in the limit N oo. In the presence of spin-orbit 
interaction the quantum mechanical uncertainty in the 
spin of the electron is transferred to the position, caus- 
ing a breakdown of the deterministic classical dynamics 
and hence causing shot noise. The mechanism for the 
spin-orbit-interaction-induced shot noise is illustrated in 
Fig. n The key ingredient is the splitting of a trajectory 
upon reflection with a hard boundary |lOl |. 

Whether a boundary is "hard" or "soft" depends on 
the relative magnitude of the penetration depth ^ into 




FIG. 1: Splitting of trajectories by spin-orbit interaction in 
an electron billiard. (The dotted arrows indicate the spin 
bands, with ± helicities.) The splitting produces shot noise 
if not all trajectories can exit through the same opening. 



the boundary and the spin-orbit precession length Igo ~ 
hvp/Eso — XpEp / Esq. a soft boundary has ^ ^ ^so, 
so the s pin evolves adiabatically during the reflection 
process and the electron remains in the same spin 
band, without splitting of the trajectory. In the opposite 
regime ^ <^ Igo of a hard boundary the spin is scattered 
into the two spin bands by the reflection process. The 
energy splitting Ego of the spin bands at the Fermi level 
amounts to a difference Sp± ~ Ego/vp of the compo- 
nent of the momentum perpendicular to the boundary, 
and hence to a splitting of the trajectories by an angle 
d(j)so — Spj_/pp ~ Xp/lso- (A precise calculation of the 
splitting, which depends on the angle of incidence, will 
be given later.) 
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Because of the chaotic dynamics, the angular opening 
S(j)so{t) — (Ai7'/Zso)e"* of a pair of split trajectories in- 
creases exponentially with time t — until they leave the 
dot through one of the two point contacts after a time T. 
The splitting will not prevent the trajectories to exit to- 
gether through the same point contact if 6(f)so{T) < W/L, 
with W the width of the point contact and L the diameter 
of the (two-dimensional) quantum dot. The time 



a-HniWlso/LXp) 



(1) 



at which 50so(7so) — W/L is an upper bound for deter- 
ministic noiseless dynamics due to spin-orbit scattering. 

Dwell times shorter than Tso may yet contribute to 
the shot noise as a result of diffraction at the point con- 
tact, which introduces an angular spread (50pc — ~ 
\p /W in the scattering states. The time 



pc 



a-^\n{WN/L) 



(2) 



at which this angular spread has expanded to W/L is 
an upper bound for deterministic noiseless dynamics due 
to diffraction at the point contact 0- The smallest of 
the two times Tj 
problem. 



and Tpc is the Ehrenfest time of this 



TE = \n[{W/L) uim[N, hJXp)] , 



(3) 



separating deterministic noiseless dynamics from 
stochastic noisy dynamics. (By definition, tb = if the 
argument of the logarithm is < 1.) Since the distribution 
of dwell times P{T) cx exp(— T/rdwcu) is exponential, a 
fraction P{T) dt — exp(— TB/rdwou) of the electrons 
entering the quantum dot contributes to the shot noise. 

Following this line of argument we estimate the Fano 
factor F (ratio of noise power and mean current) as 
F = 5exp(-TE/rdwcii), hence 



4 \lsoWj 



if 



XpL 



^<lso< W. (4) 



The upper bound on Iso indicates when diffraction at the 
point contact takes over as the dominant source of shot 
noise, while the two lower bounds indicate when full shot 
noise has been reached (Fano factor 1/4) and when the 
softness of the boundary (penetration depth ^) prevents 
trajectory splitting by spin-orbit interaction. 

Eq. Q should be contrasted with the known result in 
the absence of spin-orbit interaction |^ Q : 



4 \NW 



l/aTdwcll 



if 



XpL 



<W <L 



(5) 



Clearly, the role of the channel number N in determining 
the shot noise is taken over by the ratio 4o/-^f once l^o 
becomes smaller than W. 

We support our central result Q with computer simu- 
lations, based on the semiclassical theory of Refs. [l^lT^ 
E^ . In the limit Xp ^ at fixed lso:L,W a description 
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FIG. 2: (a) Dependence of the Fano factor on the spin-orbit 
interaction strength for different widths of the opening in 
the billiard. The data points are calculated from Eq. 110^ . 
The linear fits in the log-log plot (dashed lines) confirm the 
predicted scaling logj^g _F oc logj^Q(AF/'so). (b) Filled circles: 
slope 7 = dlogj^Q F/dlogj^Q(AF/'so) extracted from Fig. 
The empty circles are the theoretical prediction 7 = 1 /arawcii • 



of the electron dynamics in terms of classical trajectories 
is appropriate. For the spin-orbit interaction we take the 
Rashba Hamiltonian, 



Rashba 



{Eso/'2.pF){py(7x -px(Ty), 



(6) 



with Pauli matrices ax and ay . The two spin bands corre- 
spond to eigenstates of the spin component perpendicular 
to the direction of motion p in the x ~ y plane (dotted 
arrows in Fig.^. The ± hclicity of the spin direction h is 
defined by ri x p = ±2. The corresponding wave vectors 
are 



(7) 



with fcso = Eso/lvpfl ^ tt/Iso- 

We consider the stadium-shaped billiard shown in 
Fig. ^with hard- wall confinement (^ ^0). Since Xp L 
we can neglect the curvature of the boundary when cal- 
culating the splitting of the trajectories by spin-orbit in- 
teraction The two reflection angles x± ^ i^j^/"^) 
of the split trajectory, measured relative to the inward 
pointing normal, are related by conservation of the mo- 
mentum component parallel to the boundary. 



/c-i- sin x+ ~ sin X- ■ 



(8) 



An incident trajectory of — helicity is not split near graz- 
ing incidence, if X- > arcsin(A:+//c_ ) « 7r/2 — 2y^kso/k-p. 
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FIG. 3: Dependence of the Fano factor on W/L for different 
fixed values of Xp/lso- The data points follow closely the 
predicted scaling log^Q F oc {W/L)\ogiQ{XFL/lsoW). 



Away from grazing incidence the probability Raa' ~ 
\r„„i\^ for an electron incident with helicity a' at an an- 
gle x<y' to be reflected with helicity a at an angle Xa is 
determined by the 2x2 unitary reflection matrix 



r I- r_ 

2 ycos X-H cos X- 



(9a) 

(9b) 
(9c) 



The reflection matrix refers to a basis of incident and 
reflected plane waves that carry unit flux perpendicu- 
lar to the boundary, calculated using the proper spin- 
dependent velocity operator . 

By following the classical trajectories in the stadium 
billiard, and splitting them upon reflection with proba- 
bilities Raa' 1 we calculate the probability f{x,y,p) that 
an electron at position x, y with direction p of its mo- 
mentum originated from the upper left opening |16| . The 
Fano factor is then given by ITsL IT^ 



Jdnf{i-f) 
2jdnf ' 



(10) 



where dQ — dx dy dp. 



The results of the simulations are presented in Figs. [21 
and 131 We first varied Xp/lgo at fixed W/L to test 
the scaling F cx (Af/^o)^^"^"""" predicted by Eq. (gj. 
We kept Xp/lso <C 1, to ensure that the classical Lya- 
punov exponent a — 0.86 vp/L |l7j| and mean dwell time 
Tdwoii (calculated numerically) are not affected signifi- 
cantly by the spin-orbit interaction. The log-log plot 
in Fig. [2t confirms the scaling log^Q F cx logiQ(A_F/^so)- 
The slope 7, plotted in Fig. I^t as a function of W/L 
(filled circles), is close to the predicted theoretical value 
7 = l/aTdweii (empty circles) if the ratio W/L be- 
comes sufficiently small. There is no adjustable param- 
eter in this comparison of theory and simulation. We 
then tested the scaling F cx (L/iy)i/"^i"'=" at fixed 
Af/4o. The data points in Fig. |3 all fall approximately 
on a straight line, confirming the predicted scaling law 
logio F cx (W^/L) logio(AFL//soW'). 

This completes our test of the scaling Q in the regime 
Iso <C W. The scaling 0, in the opposite regime ^so ^ 
W, was verified in Ref. 18,] using the quantum kicked 
rotator. We have tried to observe the crossover from the 
scaling to ((SJ in that model, but were not successful 
— presumably because we could not reach sufficiently 
large system size. 

In conclusion, we have identified and analyzed a mech- 
anism by which spin-orbit interaction in a ballistic sys- 
tem can produce electronic shot noise. The origin of the 
current fiuctuations is a quantum mechanical effect, the 
splitting of trajectories, which persists in the limit of clas- 
sical orbital dynamics. Since the strength of the Rashba 
spin-orbit interaction can be varied by a gate voltage in a 
two-dimensional electron gas 19], the most natural way 
to search for the effect would be to measure the shot 
noise as a function of the spin-orbit precession length /go- 
One would then see an increase in the Fano factor with 
decreasing Iso, starting when ^so drops below the point 
contact width W. Since the splitting of trajectories re- 
quires Iso to be larger than the boundary penetration 
depth ^, the noise would go down again when Igo drops 
below ^ (assuming ^ <^ W). This non-monotonic depen- 
dence of the noise on the spin-orbit interaction strength 
would be an unambiguous signature to search for in an 
experiment. 

This problem originated from discussions with P. 
W. Brouwer and V. 1. Fal'ko. We have also bene- 
fited from discussions with H. Schomerus. Our re- 
search was supported by the Dutch Science Foundation 
NWO/FOM and by the European Community's Marie 
Curie Research Training Network (contract MRTN-CT- 
2003-504574, Fundamentals of Nanoelectronics). 
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